New approach to the superconducting qubit within 
a microcavity 



Dagoberto S. Preitas 1 ' 2 !^, A. Vidiella-Barranco 3 , J. A. Roversi 3 

1 Departamento de Fi'sica, Instituto de Ciencias Exatas, Universidade Federal de 
Minas Gerais, 30123-970, Belo Horizontc, MG, Brazil 

2 Departamento de Fi'sica, Universidade Estadual de Feira de Santana, 44036-900, 
Feira de Santana, BA, Brazil 

3 Instituto de Fi'sica "Gleb Wataghin", Universidade Estadual de Campinas, 
13083-859 Campinas, SP, Brazil 

PACS numbers: 42.50. Ct, 42.50.Pq, 74.50.+r 

Abstract. We present a novel approach for studying the dynamics of a 
superconducting qubit in a cavity. We succeed in linearizing the Hamiltonian through 
the application of an appropriate unitary transformation followed by a rotating wave 
approximation (RWA). For certain values of the parameters involved, we show that it 
is possible to obtain specific hamiltonians. As an example, we show the existence of 
long time-scale revivals (super-revivals) for the excitation the qubit inversion. 



1. Introduction 

Superconducting (SC) Josephson junctions, which consist of a small superconducting 
electrode connected to a reservoir via a Josephson junction pQ are considered to be 
promising qubits for quantum information processing. Because of the charging effect in 
the small electrode, the two charge-number states, in which the number of Cooper 
pairs in the "box" electrode differs by one, constitute an effective two-level system. 
Superposition of the two charge states has been confirmed in experiments [2J [3], and 
coherent manipulation of the quantum state by using a dc gate-voltage pulse has 
been demonstrated; i.e., coherent oscillations between two degenerate charge states 
have been observed [I]. These "artificial atoms," with well-defined discrete energy 
levels, provide a platform to test fundamental quantum effects, e.g., related to cavity 
quantum electrodynamics (cavity QED). The study of the cavity QED- type-system 
such as a SC qubit (see reference [5]) can also open new directions for studying the 
interaction between light and solid-state quantum devices. That may result in novel 
controllable electro-optical quantum devices in the microwave regime, such as microwave 
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single-photon generators and detectors. Cavity QED could also allow the transfer of 
information among SC qubits via photons, that may be used as information buses. 
Several theoretical proposals have analyzed the interaction between SC qubits with 
either quantized [5j El [7J [8j EJ [TOj [TT] or classical fields [121 H31 El- However, we believe 
that more attention should be paid to SC circuits embedded inside a QED cavity given 
the versatility provided by its coupling to photons. In this paper we make use of the 
same model as presented in (8], a single mode cavity field in the microwave regime, with 
photon transitions between the ground and first excited states of a macroscopic two- 
level system formed by a superconducting quantum interference device (SQUID). This 
artificial two-level"atom" can be easily controlled by an applied gate voltage V g and the 
flux <3> c generated by the classical magnetic field through the SQUID (e.g., [HE]), a 
process similar to that of a micromaser |16j . 

Here we adopt a new approach to this problem: we depart from the full radiation 
field and supercondutor interaction Hamiltonian, and apply a unitary transformation 
similar to the one introduced in pT5j. After transforming the original Hamiltonian, 
we show that it is possible to obtain simpler hamiltonians under certain resonance 
regimes. In particular, we show that after performing just a rotating wave approximation 
(RWA), we able to obtain a Jaynes-Cummings like Hamiltonian and solve the problem 
analytically without making any further approximations. 

2. The model 

We consider a system constituted by a SQUID type superconducting box with n c excess 
Cooper-pair charges connected to a superconducting loop via two identical Josephson 
junctions having capacitors Cj and coupling energies Ej. An external control voltage 
V g couples to the box via a capacitor C g . We also assume that the system operates 
in a regime, consistent with most experiments involving charge qubits, in which only 
Cooper pairs coherently tunnel in the superconducting junctions. Therefore the system 
Hamiltonian may be written as [1] 



where E c h = e 2 /2(C g + 2Cj) is the single-electron charging energy, n g = C g V g /2e is the 
dimensionless gate charge (controlled by V g ), $x is the total flux through the SQUID 
loop and $ the flux quantum. By adjusting the flux through the superconducting loop, 
one may control the Josephson coupling energy as well as switch on and off the qubit- 
field interaction. The phase G = (0i + 02)/2 is the quantum-mechanical conjugate of 
the number operator n c of the Cooper pairs in the box, where 0j (i = 1, 2) is the phase 
difference for each junction. The superconducting box is assumed to be working in the 
charging regime and the superconducting energy gap A is considered to be the largest 
energy involved. Moreover, the temperature T is low enough so that the conditions 
A 3> E ch ^> Ej ^> k B T hold. The superconducting box then becomes a two- level 
system with states \g) (for n c = 0) and |e) (for n c = 1) given that the gate voltage is 
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near a degeneracy point (n g = 1/2) [TJ and the quasi-particle excitation is completely 
suppressed [17] . 

If the circuit is placed within a single-mode microwave superconducting cavity, the 
qubit can be coupled to both a classical magnetic field (generates a flux $ c ) and the 
quantized cavity field (generates a flux $ g = rja+T]*a\ with a and a) the annihilation and 
creation operators), being the total flux through the SQUID $x = $ c + $ g 0E1 E]. The 
parameter 77 is related to the mode function of the cavity field. The system Hamiltonian 
will then read 



H = hua^a + E z o~ z — Ej(o~ + + a J) cos (7/ + /3a + (3*a)), 



(2) 



where we have defined the parameters 7 = 7r$ c /$ an d = 7rry/$o- The first term 
corresponds to the free cavity field with frequency u> = 4E ch /h~ and the second one to 
the qubit having energy E z = — 2E c f l (l — 2n g ) with a z = |e)(e| — \g)(g\- The third 
term is the (nonlinear) photon-qubit interaction term which may be controlled by the 
classical flux $ c . In general the Hamiltonian in equation (T5]) is linearized under some 
kind of assumption. In [8], for instance, the authors decomposed the cosine in Eq.Q 
and expanded the terms sin[7r(?7 a+H.c.)/§o] and cos[ir (rj a + H.c.)/^o] as power series in 
a (0^). In this way, if the limit <C 1 is taken, only single-photon transition terms in the 
expansion are kept, and a Jaynes-Cummings type Hamiltonian (JCM) is then obtained. 
Here, in contrast to that, we adopt a similar technique to the one presented in reference 
[T5] obtaining a linear (JCM) Hamiltonian valid for any value of We first apply 
a unitary transformation to the full Hamiltonian and make approximations afterwards. 
As we are going to see, this will allow us to explore new regimes in that physical system. 
First we write equation (T2]) in the interaction representation, Hi 

E. 



W VU with 



U = exp[— i(ua'a + -jr-o- z )t] 



and 



obtaining 



V = ~Ej(a + + cr_) cos (7/ + /3a + /3*a f ) 



(3) 



(4) 



E, 



{a + e ft exp [i(/3ae 



-iuit 



+ (3*a^e iuJt + 7 )} + h.c.} 



^-{a+e^expl-iiPae-^ 



+ /?W wt + 7)] + /i.c.}. 
By applying the unitary transformation 



(5) 
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to the Hamiltonian in equation (jSJ), where £)(£, 7) = e*~&'*exp[|(£(t)a''' — £*(i)a)]e*2 
is Glauber's displacement operator, with = i[3*e iut , we obtain the following 

transformed Hamiltonian 

H T = THjT^ 

= ^-a z + ^[utfae** - F<te™) + 2i^} 

X (cr+ + (7_) 

+ ^ cos [2(/3ae^ + /TaV"*) + 2 7 ]a z 

_ i_L S in [2(/3ae-^ 4 + /3*a t e^*) + 2 7 ] 
x ( CT + - o-)- 



(7) 



In order to eliminate the temporal dependence in the transformed Hamiltonian 
Ht we rewrite it in an interaction representation in the transformed space, or Hti = 
Uq T VtUqt, where 

V T = Auipae-** - P*a)e luJt ) + 2&](a+ + <r_) 

+ — cos [2(l3ae~ luJt + f3*a^e iuJt ) + 2j]a z 
2 

- 1— sin [2(f5ae~ iult + /Pate**) + 2 7 ](a + - <r_) 

(8) 

.Ej 

and C/ot = e t 2h (7zt . We then obtain the transformed Hamiltonian in the interaction 
representation 



H 



TI 



ihu 



f3aa + e- i{w - Ej/h)t - f3*a^(r_e^ Ej/h)t ^ 
Hu (a + e E ^ ht 

^ cos [2 (/?*aV w ' + /3ae"^ ) 2: 



cr_e 



Ej sr~^ 2l) 



— %- 



2 ^ (2n)\ 

n=0 v ; 



sin(27)e i: ^"* + 



2 cos(27) 
(2n + 1) 



J(oj+Ej/h)t 



+ (3ae 



-i(uj-Ej/h)t 



er+ — h.C >. 



(9) 



New approach to the superconducting qubit within a microcavity 



5 



3. Resonance conditions 



At this stage we have in hands a transformed Hamiltonian equation ([9]) with a 
more complicated structure than the original one, in equation fl2]). Nevertheless, our 
new Hamiltonian may be considerably simplified by choosing appropriate resonance 
conditions and applying the RWA. In fact, as we are going to show below, for certain 
values of the cavity frequency u and the parameter 7, it is possible to (approximately) 
obtain well known Hamiltonians of quantum optical resonance, such as the one-photon 
and two-photon Jaynes-Cummings Hamiltonians. We would like to remark that these 
are Hamiltonians in the transformed space, though. 



3.1. Case I: One-photon process 

If the cavity frequency is such that ftw = Ej and the parameter 7 (which may be 
controlled by the classical flux) equals 7 = 7r/4 rad, the rapidly oscillating terms in 
the right hand side of equation ([9]) may be neglected (RWA), and the transformed 
Hamiltonian above reduces to the one-photon Hamiltonian 

H T i,i « -ih(g*a ] o-_ - gaa + ), (10) 

which coincides with the Jaynes-Cummings Hamiltonian with effective coupling constant 
\g\ = \f3\u/2. We should remark that this result holds for any value of \(3\, in contrast 
to the approach in reference [8] , where all higher order powers of | /3 | were neglected and 
only a single-photon transition term is kept in the expansion of eq. ((2]), which leads to 
a Hamiltonian valid only in the limit of <C 1. 

Now we would like to discuss the dynamics of the system in the one-photon process. 
We should remark that despite of the fact that we have obtained a Jaynes-Cummings 
type Hamiltonian in the transformed space, the system dynamics is closely related to 
the dynamics of the driven Jaynes-Cummings model (DJCM), instead. In this case, the 
time evolution of the state vector, for an initial state \ip(0)) is 

m)) = rt(Oc/ OT (t)^(t)T(o)|^(o)), (11) 

where Ui(t) is the Jaynes-Cummings evolution operator [18] in the interaction 
representation 

Ui(t) = - [C n+ i + C n ) I + - [C n+ i - C n ) a z 

+ j^|'S'n+i a(7 + _ rLa^n+ier-, (12) 

with C n+ \ = cos ^|g|iV aa^ and S n+ i = sin (^\g\tVaaJ^j / V aa^. 

For an initial state \ip{0)) = \e)\a), or the qubit in the excited state and the field 
in a coherent state, the qubit inversion or W{t) = (a z ) is given by, 

2n 



1 I /Q 1 2n 

W(t)= 1 -eM-\c-^)j: l ^P-{ 

n=0 
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(Ej \ n\ 
2 cos —t c n+1 c n H 



X 



n! 



^1(72 + 2)! 



( a* - p*) V » * + (a - /3) 2 e 



(13) 



where c n = cos(gty/n) and s n = sin(^t\/n). In equation (TTB1 the parameter /3 was 
considered real for simplicity. 

The structure of the equation above is similar to the one obtained for (a z ) in the 
DJCM [19J. Therefore we expect the phenomenon of super-revivals to be present in 
the qubit-cavity system, analogously to the DJCM. Super-revivals are long time scale 
revivals arising in the atom-field dynamics. This peculiar behavior is illustrated in figure 
(TjQ) and figure (j2J). We note that the existence or not of super- revivals is narrowly con- 
nected to the preparation of the initial field state. For instance, if we have a = (5.0, 0.5), 
the super-revivals do not occur [see Fig. (JTJ)], and we have ordinary revivals only. How- 
ever, for appropriate values of the parameters, for instance, a = (0.5, 5.0), super-revivals 
take place in that system [see Fig. (J2J)]. 




Figure 1. Plot of the qubit inversion as a function of the (dimensionless) scaled time 
t = gt. Ordinary revivals occurring for a — (5.0, 0.5) and (3 = 0.2. 
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Figure 2. Plot of the qubit inversion as a function of the (dimensionless) scaled time 
r = gt. Super-revivals occurring for a = (0.5, 5.0) and /3 = 0.2. 



3.2. Case II: Multi-photon processes 



If we choose different resonance conditions in Hamiltonian fl9]), such as, for instance, 
2f\w = Ej and keep 7 = 7r/4 rad, the dominant terms will be second order terms in \/3\. 
If in addition to that the relation |/3| 4 <C 1 is satisfied, the resulting Hamiltonian is 

.Ej 



H- 



TI,2 



2 L 



n*2 +2 o2 2 

p a 1 cr_|_ — p a a + 



(14) 



which is a typical Hamiltonian describing two-photon processes. Higher order multi- 
photon processes may also be obtained, but in addition to the resonance condition it is 
now necessary to have \/3\ small. 



4. Conclusion 



In conclusion, we have presented a novel approach for studying the dynamics of a 
superconducting qubit interacting with the quantized field within a highly reflective 
cavity. In general, approximations are made directly to the full Hamiltonian in equation 
(J2J). In our method, we first apply an unitary transformation to the Hamiltonian ([2]) and 
make the relevant approximations after performing the transformation. This constitutes 
the main result of our paper. For instance, if a specific resonance condition {fvjj = Ej) 
is chosen (as well as 7 = 7r/4 rad) we obtain a Jaynes-Cummings-type Hamiltonian 
after applying the RWA. We remark that this was done without the need of taking the 
limit of \/3\ << 1, in contrast to other approaches. As a consequence, in that regime of 
resonance, the superconducting system may exhibit typical behavior of a driven Jaynes- 
Cummings model [19] (or a trapped ion within a cavity [15]). In particular, we have 
predicted the existence of long time-scale revivals (super-revivals) for the excitation 
of the superconducting qubit inversion. Our method may be further explored: if we 
choose a different resonance condition, e.g., 2fvuj = Ej, two photon transitions will be 
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the dominant processes, provided that |/3| 4 <C 1. Our approach allows us not only to 
establish a direct connection to other well known models in quantum optics, but also 
the exploration of different regimes in superconducting systems. 
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